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The equations governing lipid membrane dynamics in planar, spherical, and cylindrical geome-
tries are presented here. Unperturbed and first-order perturbed equations are determined and
non-dimensionalized. A new dimensionless number, named the Scriven–Love number, and the well-
known Fo¨ppl–von Ka´rma´n number result from a non-dimensional analysis. The Scriven–Love num-
ber compares out-of-plane forces arising from the in-plane, intramembrane viscous stresses to the
familiar elastic bending forces, while the Fo¨ppl–von Ka´rma´n number compares tension to bending
forces. Both numbers are calculated in past experimental works, and span a wide range of values
in various biological processes across different geometries. In situations with large Scriven–Love
and Fo¨ppl–von Ka´rma´n numbers, the dynamical response of a perturbed membrane is dominated
by out-of-plane viscous and surface tension forces—with bending forces playing a negligible role.
Calculations of non-negligible Scriven–Love numbers in various biological processes and in vitro ex-
periments show in-plane intramembrane fluidity cannot generally be ignored when analyzing lipid
membrane behavior.
Keywords: lipid membrane, non-dimensionalization
I. INTRODUCTION
Biological lipid membranes make up the boundary of
the cell, as well as many of its internal organelles—
including the nucleus, endoplasmic reticulum, and Golgi
complex. Such membranes are not simply static, semi-
permeable barriers protecting their internal contents, but
rather play a dynamic role in many cellular processes.
For example, at the neuronal synapse, spherical lipid
membrane vesicles rapidly develop from planar mem-
brane sheets to recycle lipids and proteins during ultra-
fast endocytosis [1]. It is also known that thin membrane
tubes can shoot suddenly from the endoplasmic reticu-
lum into the cell cytoplasm, often fusing with one another
when they cross [2, 3]. While there is much experimental
evidence for the dynamic behavior of lipid membranes
in biological systems, the physical mechanisms govern-
ing membrane motion—and their coupling to membrane
geometry—remain poorly understood.
Lipid membranes are unique materials: lipids flow in-
plane as a two-dimensional viscous fluid, yet the mem-
brane bends out-of-plane as an elastic shell [4]. Many
theoretical and computational works neglect in-plane flu-
idity when describing lipid membranes of various shapes
and their stability [5–15], and consequently the in-plane
fluidity is often disregarded in the analysis of experimen-
tal results [16–31]. However, the equations of motion
governing arbitrarily curved and deforming lipid mem-
branes, including all viscous and bending forces [32–35]
as well as additional irreversible phenomena [35], were
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recently obtained. These equations show in-plane and
out-of-plane membrane dynamics are nontrivially cou-
pled through both continuity of the material and surface
curvature. Consequently, for example, the equations gov-
erning a flat sheet at the neuronal synapse are different
from those describing spherical lipid membrane vesicles
carrying chemical cargo in a shear flow, which are again
different from the equations governing cylindrical tubes
shooting from the endoplasmic reticulum. Though the
general equations of motion are known, there has not yet
been a systematic effort to analyze which forces govern
intramembrane flows and out-of-plane dynamics in vari-
ous biologically relevant settings and geometries.
In this work, we study how lipid membrane geometry
and dynamics are coupled. We consider the three pre-
dominantly observed membrane geometries in biological
systems: flat patches, spherical vesicles, and cylindrical
tubes, each of which is a static solution to the equations
governing lipid membrane dynamics. For each geometry,
the linearized dynamical lipid membrane equations are
determined and non-dimensionalized. In doing so, two di-
mensionless numbers are obtained. The first is the famil-
iar Fo¨ppl–von Ka´rma´n number (Γ), which compares ten-
sion and bending forces in the out-of-plane direction [36].
The second is a new dimensionless number comparing vis-
cous forces in the normal direction, which arise due to the
coupling between in-plane viscous stresses and membrane
curvature, to the well-known bending forces. This quan-
tity is named the Scriven–Love number (SL) in honor of
the seminal works on surface flows of arbitrarily curved
two-dimensional fluids by L.E. Scriven [37] and on elas-
ticity of two-dimensional shells by A.E.H. Love [38]. The
Scriven–Love number is implicitly set to zero in studies
which ignore in-plane, intramembrane flow. In calculat-
ing SL in a variety of experimental studies, however, we
find cases where viscous forces are non-negligible rela-
tive to bending forces in describing the dynamics of lipid
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2membranes in response to shape perturbations. More-
over, for spherical vesicles and cylindrical tubes we find
experiments where SL 1 and Γ 1, such that bending
forces contribute negligibly to the perturbed membrane’s
dynamical response. In these situations, out-of-plane dy-
namics are governed by viscous and tension forces, which
are highly coupled to in-plane flows, and the membrane
behaves constitutively more like a soap bubble than an
elastic shell. Thus, it is necessary to consider the fluid
nature of lipid membranes when understanding their be-
havior, shape, and dynamics in biological settings.
The remainder of this paper is organized as follows.
In Sec. II, we review lipid membrane dynamics, describe
how the in-plane membrane viscosity leads to a force in
the out-of-plane direction, and present our calculation of
the Scriven–Love number in several experimental stud-
ies. Sections III, IV, and V describe the results from our
analysis of flat patches, spheres, and cylinders, respec-
tively. We end with conclusions and avenues for future
work in Sec. VI. Detailed calculations of the unperturbed
and perturbed equations for the different geometries, as
well as the specifics of their non-dimensionalization, are
provided in the Supplemental Material (SM) [39].
II. MEMBRANE THEORY AND ORIGIN OF
THE SCRIVEN–LOVE NUMBER
The equations governing an arbitrarily curved and de-
forming lipid membrane are derived in the SM [39, Sec. I],
following our previous irreversible thermodynamic devel-
opments [35]. As lipid membranes can only stretch 2–3%
before tearing [4, 40], they are practically area incom-
pressible, and are modeled as such. The membrane is
treated as a single differentiable manifold about the mem-
brane mid-plane, implicitly assuming no slip between the
two bilayer leaflets. Inertial terms are not provided in
the main text, as they are negligible in all geometries,
for every case considered [39]. We also do not model the
dynamics of the fluid surrounding the membrane, and in-
clude bulk effects only through the jump in the normal
stress across the membrane surface.
The continuity equation of an area-incompressible lipid
membrane is given by
vα;α − 2vH = 0 , (1)
where ‘α’ and other Greek indices span the set {1, 2} and
denote independent directions on the surface. In Eq. (1),
vα are the two in-plane velocity components, v is the nor-
mal velocity component, H is the mean curvature, and
( · );α denotes the covariant derivative in the ‘α’ direction
(details are provided in the SM [39, Sec. I.1]). The con-
tinuity equation (1) indicates the surface divergence of
the velocity field is zero, and this incompressibility con-
straint is enforced with the Lagrange multiplier λ—which
physically acts as a surface tension.
The in-plane lipid membrane equations are found to
be
0 =
(
λ aαβ + piβα
)
;β
= aαβλ,β + pi
βα
;β , (2)
where aαβ are the contravariant metric tensor compo-
nents, λ is the surface tension enforcing Eq. (1), piαβ are
the in-plane viscous stresses, and (λ aαβ + piβα) are the
total in-plane fluid stresses. The notation ( · ),β denotes
the partial derivative in the ‘β’ direction. Physically, the
in-plane equations (2) indicate surface tension gradients
balance the divergence of the in-plane viscous stresses, or
equivalently the divergence of the in-plane fluid stresses
are zero, analogous to the Stokes equations for a three-
dimensional bulk fluid.
The out-of-plane equation governing lipid membrane
dynamics, called the shape equation, is given by
0 = p+
(
λ aαβ + piαβ
)
bαβ − 2kbH
(
H2−K)− kb∆sH .
(3)
In Eq. (3), p is the jump in the normal stress across
the membrane surface, K is the Gaussian curvature, kb
is the mean bending modulus, ∆s is the surface Lapla-
cian operator, and bαβ are the curvature tensor compo-
nents. In the limit where there are no in-plane viscous
stresses (piαβ = 0, for example when the membrane is
stationary) and no mean bending modulus (kb = 0), the
shape equation (3) reduces to the Young–Laplace equa-
tion p + λ aαβbαβ = p + 2λH = 0. Next consider the
bending terms in the shape equation (3), which are ex-
pected as the membrane bends elastically out-of-plane.
In this case, bending terms arise from a free energy for
two-dimensional shells in which there is no in-plane shear
modulus to account for the fluidity of the lipid bilayer,
as first put forth by P.B. Canham [41], W. Helfrich [42],
and E.A. Evans [43]. Finally, consider the piαβbαβ term
in the shape equation (3), which is the contraction of the
in-plane viscous stresses with the membrane curvature.
It is this term which, when compared to the bending
forces, gives rise to the Scriven–Love number; we discuss
its origin and physical consequences below.
To understand how in-plane stresses lead to out-of-
plane forces, first consider the surface tension term in
Eq. (3). The stress associated with the surface tension,
λ aαβ , is in-plane and isotropic—yet when the membrane
is curved and H = 12a
αβbαβ 6= 0, the surface tension
acts in different directions at different locations (see Fig.
1(a)). These contributions sum to give the well-known
2λH term in the shape equation. We next consider the
shear stresses arising from a planar extensional flow, for
which streamlines and boundary tractions are shown on
the left-hand side of Fig. 1(b) (solid and dotted arrows,
respectively). Just as in the case of the surface tension,
when the membrane is curved the viscous stresses act in
different directions at different locations on the surface
and give rise to the piαβbαβ force in the normal direc-
tion (Fig. 1(b)). Our analysis of this scenario thus leads
to a general conclusion: for a curved surface, in-plane
stresses lead to out-of-plane forces. Following similar ar-
guments, one can show out-of-plane shearing tractions
3(a) tension forces: λaαβbαβ = 2λH
(b) viscous forces: piαβbαβ
FIG. 1. A schematic showing how surface tension and vis-
cous forces arise in the normal direction, with dashed arrows
depicting boundary tractions. (a) The surface tension λ pulls
the membrane at each edge, such that when the shape is per-
turbed a normal force 2λH arises. (b) In an extensional flow,
the velocity field is given by v = γ˙(xex − yey), as depicted
by the solid arrows. The tractions push and pull the fluid,
as shown with the dashed arrows, such that when the mem-
brane is perturbed a viscous force piαβbαβ arises in the normal
direction.
couple to membrane curvature to produce a resulting in-
plane force. A detailed description of the nontrivial in-
plane and out-of-plane coupling of lipid membrane forces,
from the perspective of balance laws and irreversible ther-
modynamics, is presented in the SM [39, Secs. I.2, I.3].
The membrane shape equation (3) has contributions
from four different forces, arising from the jump in the
bulk normal stress, surface tension, mean bending mod-
ulus, and in-plane viscosity. In our analysis, we gen-
erally assume a base state with no viscous stresses, such
that the normal stress jump, surface tension, and bending
forces balance. When the membrane shape is perturbed,
viscous forces result in the normal direction and a natural
question arises: How much do viscous forces contribute
to the membrane’s dynamical response? This question is
addressed by non-dimensionalizing the unperturbed and
perturbed equations.
A non-dimensional analysis of the continuity (1), in-
plane (2), and shape (3) equations in various geometries
reveals the competition between viscous and bending
forces in the perturbed equations leads to the Scriven–
Love number SL, which is of the general form
SL =
O(piαβbαβ)
O(kb∆sH)
=
ζV L
kb
. (4)
In Eq. (4), ζ is the coefficient of in-plane membrane vis-
cosity, V is a characteristic velocity scale, and L is a
characteristic length scale. Comparing bending and sur-
face tension forces in the normal direction also leads to
the Fo¨ppl–von Ka´rma´n number Γ [36], given by
Γ =
ΛL2
kb
, (5)
where Λ is a characteristic surface tension scale. The
results of our non-dimensionalization for planar, spheri-
cal, and cylindrical geometries, including the form of the
Scriven–Love and Fo¨ppl–von Ka´rma´n numbers, are pro-
vided in Secs. III–V; the details of our non-dimensional
analysis are again provided in the SM [39]. We note that
the Fo¨ppl–von Ka´rma´n number was found when char-
acterizing the membrane equations in previous studies,
in which it is also referred to as a dimensionless ten-
sion [54, 55].
Our calculation of the Scriven–Love and Fo¨ppl–von
Ka´rma´n numbers for many experimental studies involv-
ing different lipid membrane geometries is provided in
Table I; the same data is shown visually in Fig. 2. While
there are a wealth of experimental studies of membrane
behaviors in different geometries, many studies do not re-
port characteristic velocity scales, and so we are unable to
quantify the Scriven–Love number in those cases. More-
over, the calculation of membrane tension in many exper-
imental studies of lipid membrane tubes fails to account
for the possibility of a pressure drop across the membrane
surface. Accordingly, in many cases the collected data is
insufficient to quantify the membrane tension—which, as
a Lagrange multiplier enforcing areal incompressibility,
takes the requisite value at every point on the membrane
surface to locally satisfy the incompressibility constraint
(see discussion in Sec. V). In several of our calculations
in Table I, bending moduli and tension values were not
reported; in those cases we used the characteristic values
provided in Table II. We hope our finding of large SL and
Γ in many experimental works motivates the simultane-
ous reporting of characteristic velocity and tension scales
in future studies.
In the following sections, we provide and analyze the
membrane equations in planar, spherical, and cylindrical
geometries. These geometries are (i) commonly found in
biological settings, (ii) relevant to many in vitro studies of
lipid bilayers, and (iii) static solutions to the membrane
equations (1)–(3). In situations where experimental data
is available, we refer to experimental studies according to
the symbols provided in Table I and Fig. 2.
III. FLAT MEMBRANE PATCHES
In this section, we consider nearly planar lipid mem-
branes which, prior to being perturbed, either (i) are
static or (ii) have an in-plane base flow. In both cases,
the initial membrane position is given by
x(0)(x, y) = x ex + y ey , (6)
where x and y are standard Cartesian coordinates, and
the patch size sets the length scale L (see Fig. 3(a)).
In Eq. (6) and from now on, a subscript or superscript
‘(0)’ denotes an unperturbed quantity. We denote the
unperturbed velocity components and surface tension in
the base state as vx(0), v
y
(0), v(0), and λ(0). As the mem-
brane base state shape is fixed, the unperturbed normal
4Ref. SL Γ Symbol V (nm/µs) R (nm) kb (pN·nm) Λ (pN/nm)
[44] 8 · 10−3 1 · 10−1 N 8 · 10−4 1 · 102 – –
[44] 2 · 10−4 2 · 10−2 F 3 · 10−5 5 · 101 – –
[45] 6 · 10−4 1 · 101  6 · 10−6 1 · 103 – –
[46] 1 · 104 5 · 105 ./ 6 · 10−1 6 · 104 30 4 · 10−3
[47, 48] 2 · 103 4 · 102 ♣ 3 6 · 103 – –
[49] 4 · 102 4 · 102 ♦ 6 · 10−1 6 · 103 – –
[50] 2 · 101 6 · 102 ♥ 3 · 10−2 1 · 104 170 –
[47, 51] 1 · 10−1 2 · 10−2 ♠ 3 · 10−3 5 · 101 – –
[52] 7 7 z 2 1 · 102 380 2 · 10−1
[52] 1 1 ~ 1 4 · 101 380 3 · 10−1
[52] 1/4
1/4 ¶ 4 · 10−1 2 · 101 250 2 · 10−1
[52] 4 · 10−3 2  4 · 10−3 4 · 101 380 6 · 10−1
TABLE I. Calculation of the Scriven–Love number SL and Fo¨ppl–von Ka´rma´n number Γ in several experimental studies
involving flat patches, spherical vesicles, and cylindrical tubes. Values of SL and Γ are calculated according to Eqs. (4) and
(5) in planar geometries, Eqs. (30) and (39) in spherical geometries, and Eq. (53) in cylindrical geometries. In the first three
cylindrical experiments (z, ~, ¶), the base velocity is zero and the perturbed velocity scale is reported according to Eq. (54)3.
The column titled ‘R’ denotes the radius in spherical and cylindrical geometries, and the characteristic length scale in planar
geometries. The same data is shown visually in Fig 2, using the same symbols. When unreported, the characteristic values
kb = 100 pN·nm and Λ = 10−3 pN/nm were used; in all cases membrane viscosities were not explicitly measured and a
characteristic value ζ = 10 pN·µsec/nm [53] was used (see Table II). Our detailed calculation of characteristic values in each
experimental study is provided in the SM [39].
velocity v(0) = 0, as will be the case for the unperturbed
spherical and cylindrical geometries as well.
We next introduce a height perturbation in the normal
direction, such that the perturbed membrane position is
given by
x(x, y, t) = x ex + y ey +  h˜(x, y, t) ez . (7)
In Eq. (7), the total height perturbation  h˜(x, y, t) is
assumed to be O(Z), where Z  L. In this case,
 := Z/L is a small parameter and h˜ is O(L), as de-
picted in Fig. 3(b). The surface parametrization in Eq.
(7) is commonly used in the study of nearly planar sur-
faces, and is called the Monge parametrization [56]. The
membrane velocity components and surface tension are
expanded as
vx = vx(0) +  v˜
x , vy = vy(0) +  v˜
y ,
v =  h˜,t , and λ = λ(0) +  λ˜ ,
(8)
where the parameter  captures the smallness of the per-
turbations to the velocity components and surface ten-
sion.
A. Initially Static Membrane Patch
For a flat, initially static membrane, vx(0) = 0, v
y
(0) = 0,
v(0) = 0, and λ(0) = λ0, where λ0 is a constant set by the
−4 −2 0 2 4 6
log Γ
−4 −2 0 2 4 6
▲⋆■
▲⋆ ■
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¶ ⊛✠
log SL
FIG. 2. Plot of the Scriven–Love and Fo¨ppl–von Ka´rma´n
numbers in various experimental studies. For each experimen-
tal result in Table I, the Scriven–Love number (black, above)
and Fo¨ppl–von Ka´rma´n number (blue, below) is plotted us-
ing the same symbol. In planar membranes, we only found
experiments where SL  1, while Γ ranged from 10−2 to 10.
Spherical vesicles were found to have a wide range of both di-
mensionless numbers, such that the dynamics of a perturbed
vesicle can differ significantly between different experiments.
For cylindrical tubes, tension forces were always significant,
and in all but one case the Scriven–Love number was non-
negligible as well. Additional details for each geometry are
provided in corresponding sections in the main text.
5Parameter Symbol Value Ref.
intramembrane viscosity ζ 10 pN·µs/nm [53]
mean bending modulus kb 100 pN·nm [57]
low surface tension Λ 10−4 pN/nm [57]
high surface tension Λ 10−1 pN/nm [58]
TABLE II. Characteristic membrane material parameters.
The surface tension can span a wide range of values to prevent
significant areal dilation; characteristic high and low values
are provided.
base state boundary conditions. In this case, the unper-
turbed membrane state sets the surface tension scale Λ
as
Λ := λ0 , (9)
and also sets the length scale L over which quantities
vary. The in-plane velocity scale V is determined when
non-dimensionalizing the perturbed equations.
The derivation of the perturbed governing equations,
and their subsequent non-dimensionalization, is alge-
braically involved and hence relegated to the SM [39,
Secs. II.2, II.3]. We non-dimensionalize equations with
the dimensionless quantities introduced in Table III, and
find the dimensionless perturbed continuity, in-plane x,
in-plane y, and shape equations are respectively given by
v˜x∗,x∗ + v˜
y∗
,y∗ = 0 , (10)
v˜x∗,x∗x∗ + v˜
x∗
,y∗y∗ + λ˜
∗
,x∗ = 0 , (11)
v˜y∗,x∗x∗ + v˜
y∗
,y∗y∗ + λ˜
∗
,y∗ = 0 , (12)
and
Γ ∆∗s h˜
∗ − 1
2
(∆∗s)
2 h˜∗ = 0 . (13)
From the in-plane equations (11, 12) the velocity scale V
is found to be
V =
LΛ
ζ
. (14)
In Eq. (13), the Fo¨ppl–von Ka´rma´n number Γ is defined
as in Eq. (5) and the surface Laplacian of a scalar quan-
tity is given by ∆s( · ) = ( · ),xx + ( · ),yy. The continu-
ity (10) and in-plane (11, 12) equations are familiar from
x
y
z
L
(a) unperturbed: x(0)(x, y)
Z
(b) perturbed: x(x, y, t)
FIG. 3. Schematic of the unperturbed (a) and perturbed
(b) flat plane geometries. The membrane patch has a char-
acteristic length L, and perturbations are of a characteristic
height Z, with  := Z/L 1.
x∗ :=
x
L
y∗ :=
y
L
h˜∗ :=
h˜
L
v˜x∗ :=
v˜x
V
v˜y∗ :=
v˜y
V
λ˜∗ :=
λ˜
Λ
TABLE III. Dimensionless definitions for an initially planar
lipid membrane. Here, L is the length of the membrane patch
and V is a characteristic velocity scale.
the study of incompressible, low-Reynolds number bulk
fluids. The shape equation (13) contains two terms: the
first is the out-of-plane surface tension force 2λH, and
the second is the bending force −kb∆sH (c.f. Eq. (3)).
Note that as the unperturbed membrane has no in-plane
viscous stresses (piαβ(0) = 0) and no curvature (b
(0)
αβ = 0),
the Scriven–Love number does not appear in the shape
equation (13). Thus, viscous forces in the normal direc-
tion are irrelevant in a perturbed, initially static planar
membrane.
For lipid and biological membranes, kb ∼ 100 pN·nm
[57] and we consider membrane patches of side length
L ∼ 100–1000 nm, as relevant for the experiments in
Table I. The surface tension scale Λ is set in the base
state, and can be arbitrarily small or large as required
by the membrane’s areal incompressibility constraint—
up to values as large as ∼1–10 pN/nm, at which point
the membrane tears [4, 40]. For example, the base tension
in neurons is estimated to be ∼10−2 pN/nm in isotonic
conditions, yet tensions of ∼ 10−1 pN/nm are observed
in neurons placed in hypotonic solutions [58]. Moreover,
surface tensions as low as ∼10−4 pN/nm were observed
in giant unilamellar vesicles (GUVs) [57], and thus we ex-
pect Λ ∼ 10−4–10−1 pN/nm in different flat lipid mem-
brane patches. At low tensions of Λ ∼ 10−4 pN/nm with
L ∼ 100 nm, Γ ∼ 10−2  1 and bending dominates the
shape equation (13)—which simplifies to (∆∗s)
2 h˜∗ = 0,
such that there is no coupling between in-plane and out-
of-plane dynamics. At high tensions of Λ ∼ 10−1 pN/nm
with L ∼ 103 nm, Γ ∼ 103  1 and the shape equa-
tion ∆∗s h˜
∗ = 0 is tension-dominated as for a fluid film or
soap bubble. Finally, at moderate tensions of Λ ∼ 10−2
pN/nm and length scales L ∼ 100 nm, Γ ∼ 1 and the
surface tension and bending terms balance in governing
the membrane shape. In the latter two cases, the sur-
face tension provides the only coupling between in-plane
and out-of-plane dynamics, and in all three cases viscous
forces play no role in determining the membrane shape.
B. Membrane Patch with a Base Flow
We now analyze an initially planar membrane with a
simple Couette base flow: v(0) = y v0/L ex and λ(0) =
λ0, such that v
x
(0),y = v0/L. In this case, the base flow
6sets the characteristic velocity scale V = v0. As in the
initially static case, the base state boundary conditions
set the surface tension scale Λ = λ0, which in this case
is independent of V and L. While we consider only this
particular base flow in the main text, the analysis and
non-dimensionalization of the perturbed equations given
a general base flow is provided in the SM [39, Sec. II.4].
Suppose the perturbed in-plane velocities and surface
tension vary over the patch size L, as was assumed for an
initially static membrane in Sec. III A. As shown in the
SM [39, Sec. II.4.b], non-dimensionalization of the per-
turbed in-plane equations yields (ΛL/(ζV ))λ˜∗,x∗+v˜
x∗
,x∗x∗+
v˜x∗,y∗y∗ = 0 and (ΛL/(ζV ))λ˜
∗
,y∗ + v˜
y∗
,x∗x∗ + v˜
y∗
,y∗y∗ = 0. In
the limit where V  ΛL/ζ, the in-plane equations im-
ply λ˜∗ = constant, such that surface tension gradients
no longer balance in-plane viscous forces. However, in
the limit where the base velocity V tends to zero, we
expect to recover Eqs. (11) and (12), namely, the per-
turbed in-plane equations for an initially static patch.
As these equations are not recovered in this case, the so-
lution λ˜∗ = constant in the limit of small V is unphysical,
and our assumption that all quantities vary over a length
scale L is incorrect.
We next assume there exists some new length scale `
over which perturbed quantities vary. In this case, in-
plane viscous forces are O(ζv˜x,xx) = ζV/`
2 and in-plane
surface tension forces are O(λ˜,x) = Λ/`; equating the two
such that viscous and tension forces are of the same order
reveals a new characteristic length
` =
ζV
Λ
. (15)
Assuming out-of-plane height perturbations vary over the
length scale `, such that O(∆sh˜) = L/`
2, yields the shape
equation (ζ2V 2/(kbΛ))(2h˜
∗
,x∗y∗ + ∆
∗
sh˜
∗) − 12∆∗2s h˜∗ = 0.
However, in the limit of vanishing base state velocity,
the shape equation simplifies to ∆∗2s h˜
∗ = 0, and the ini-
tially static result (13) is again not recovered. Conse-
quently, our assumption that all quantities vary over the
new length scale ` is also incorrect.
At this point, though neither of our attempts at non-
dimensionalization thus far were valid, we realize (i) the
problem requires a new length scale over which v˜x, v˜y,
and λ˜ vary, and (ii) the out-of-plane perturbed shape h˜
cannot also vary over the same length scale. We therefore
posit that while v˜x, v˜y, and λ˜ vary over the length scale
` (15), h˜ varies over the patch length L. Due to the
presence of two different lengths in the non-dimensional
analysis, we define the new dimensionless quantities
x′ :=
x
`
and y′ :=
y
`
. (16)
As shown in Sec. II.4 of the SM [39], with this assump-
tion the dimensionless perturbed governing equations are
found to be
v˜x∗,x′ + v˜
y∗
,y′ = 0 , (17)
v˜x∗,x′x′ + v˜
x∗
,y′y′ + λ˜
∗
,x′ = 0 , (18)
v˜y∗,x′x′ + v˜
y∗
,y′y′ + λ˜
∗
,y′ = 0 , (19)
and
2SL h˜∗,x∗y∗ + Γ ∆
∗
s h˜
∗ − 1
2
(∆∗s)
2 h˜∗ = 0 . (20)
In Eq. (20), the Scriven–Love number SL = ζV L/kb (4)
and the Fo¨ppl–von Ka´rma´n number Γ = ΛL2/kb (5).
In comparing Eqs. (17)–(20) to their counterparts in
the initially static case (10)–(13), we make two observa-
tions. First, the continuity and in-plane equations now
involve spatial derivatives over the length scale `, rather
than the patch length L, but are otherwise identical. Sec-
ond, when V tends to zero, SL tends to zero and the
shape equation (20) simplifies to its initially static analog
(13). The Scriven–Love number emerges in Eq. (20) due
to the perturbed piαβbαβ term, which contains the cou-
pling between in-plane shear stresses and membrane cur-
vature. Linearizing piαβbαβ in planar geometries yields
piαβ(0) h˜
∗
,α∗β∗ , which in this case consists of only h˜
∗
,x∗y∗ due
to our choice of the base velocity v(0) = y v0/L ex. For
a general base flow, all second derivatives of h˜∗ are in-
volved (see SM [39, Sec. II.4]). As shown in Table I and
Fig. 2, SL  1 in all planar experimental systems con-
sidered, in which case the shape equation (20) simplifies
to that of an initially static membrane (13). As before,
the dynamics of the perturbed membrane can be bending
dominated [44, N, F] or tension dominated [45, ], or
the tension and bending forces can balance.
At this point, we conclude our calculations for an ini-
tially flat membrane patch. We note the Fo¨ppl–von
Ka´rma´n number enters the shape equation both when the
membrane is initially static (13) and has a base flow (20);
the Scriven–Love number only appears in the latter case.
Though we find viscous forces in the out-of-plane direc-
tion to be negligible in all experimental systems consid-
ered [44, 45], the tension forces can be significant—and
in some instances dominate bending forces in governing
the perturbed membrane’s dynamical response.
IV. SPHERICAL MEMBRANE VESICLES
We next consider spherical lipid membrane vesicles,
which are found throughout the cell: vesicles are in-
volved in endocytosis [59] and exocytosis [60] as material
is transported across the cell membrane, lysosomes fuse
with food vacuoles to break down chemical compounds
during phagocytosis [61], and transport vesicles shuttle
proteins and lipids between the endoplasmic reticulum
and Golgi complex [62]. Moreover, spherical GUVs are a
canonical tool of in vitro studies. GUVs are often used to
probe static membrane properties, such as the bending
modulus and base state surface tension [57, 63], as well
as dynamic properties, such as the membrane’s response
to a shear flow [19–21, 46].
7φ
θ R
(a) unperturbed: x(0)(θ, ϕ)
δR
(b) perturbed: x(θ, ϕ, t)
FIG. 4. Schematic of the unperturbed (a) and perturbed
(b) spherical geometries. The sphere has radius R and is
characterized by the polar angle θ and azimuthal angle ϕ.
Membrane perturbations are of characteristic size δR, with
 := δR/R 1.
The position of an initially unperturbed membrane
vesicle of radius R is given by
x(0)(θ, ϕ) = R er(θ, ϕ) , (21)
where θ is the polar angle and ϕ is the azimuthal angle
of a standard spherical coordinate system (see Fig. 4(a)).
Similar to the flat case, we denote the unperturbed ve-
locity components and surface tension as vθ(0), v
ϕ
(0), v(0),
and λ(0). Note that v
θ
(0) and v
ϕ
(0) have units of inverse
time, while v(0) has units of length per time, as per our
differential geometric formulation (see SM [39, Sec. III.1]
for details).
For a sphere of fixed shape, v(0) = 0. In this case, for
a general base flow, neither bending terms nor viscous
terms arise in the unperturbed shape equation (see Eq.
72 of the SM [39])—a surprising result, since we generally
expect both when the membrane is curved (see Eq. (3)).
We also find inertial terms are negligible in all cases, as
show in the SM [39, Secs. III.3, III.4]. Consequently,
the surface tension is a constant given by λ(0) = λ0 :=
pR/2, which sets the surface tension scale in our non-
dimensional analysis as
Λ := λ0 =
pR
2
. (22)
To avoid excessive algebra, we consider only base states
which are either static or rotating with constant angular
velocity about a fixed axis, for which vθ(0) = 0 and v
ϕ
(0) =
vϕ0 , where v
ϕ
0 is either zero or a nonzero constant. As
shown in the SM [39, Sec. III], these choices are valid
solutions of the unperturbed spherical equations.
We next introduce a radial shape perturbation, such
that the perturbed membrane position is given by
x(θ, ϕ, t) =
[
R +  r˜(θ, ϕ, t)
]
er(θ, ϕ) , (23)
where the radial perturbation  r˜ is of characteristic size
δR  R, as shown in Fig. 4(b). We define  := δR/R
to be our small parameter, such that r˜ is O(R). The
θ∗ := θ ϕ∗ := ϕ r˜∗ :=
r˜
R
v˜θ∗ :=
v˜θ
Ω
v˜ϕ∗ :=
v˜ϕ
Ω
λ˜∗ :=
λ˜
Λ
t∗ :=
t
τ
∆∗s := R
2∆s
TABLE IV. Dimensionless definitions for an initially spher-
ical lipid membrane. Here, Ω is a characteristic angular ve-
locity scale and τ is a characteristic time scale (see Eq. (29)).
fundamental membrane unknowns are expanded about
the unperturbed base state solution as
vθ =  v˜θ , vϕ = vϕ0 +  v˜
ϕ ,
v =  r˜,t , and λ = λ0 + λ˜ .
(24)
As before, quantities with a ‘tilde’ are assumed to be the
same order as their unperturbed counterparts, with the
small parameter  capturing the relative magnitude of
base and perturbed quantities.
A. Initially Static Spherical Vesicle
For an initially static spherical vesicle, the base state
angular velocity vϕ0 = 0. In this case, only the surface
tension scale (22) and length scale R are set in the un-
perturbed state. We calculate and non-dimensionalize
the perturbed equations in the SM [39, Sec. III.3], with
dimensionless quantities specified as in Table IV. As the
sphere is initially isotropic, we assume the scales of the
angular velocity perturbations in θ and ϕ are identical,
and are denoted Ω. The dimensionless perturbed con-
tinuity, in-plane θ, in-plane ϕ, and shape equations are
respectively given by
v˜θ∗,θ∗ + v˜
ϕ∗
,ϕ∗ + cot θ
∗ v˜θ∗ + 2 r˜∗,t∗ = 0 , (25)
v˜θ∗ + v˜θ∗,θ∗θ∗ + csc
2 θ∗v˜θ∗,ϕ∗ϕ∗ + cot θ
∗v˜θ∗,θ∗
− 2 cot θ∗v˜ϕ∗,ϕ∗ − cot2 θ∗v˜θ∗ + λ˜∗,θ∗ = 0 ,
(26)
v˜ϕ∗,θ∗θ∗ + csc
2 θ∗ v˜ϕ∗,ϕ∗ϕ∗ + 2 cot θ
∗ csc2 θ∗ v˜θ∗,ϕ∗
+ 3 cot θ∗ v˜ϕ∗,θ∗ + csc
2 θ∗ λ˜∗,ϕ∗ = 0 ,
(27)
and
Γ
(
2 r˜∗ + ∆∗s r˜
∗ − 2 λ˜∗
)
− 1
2
(
∆∗2s r˜
∗ + 2 ∆∗sr˜
∗
)
= 0 . (28)
In obtaining Eqs. (25)–(28), we find
Ω =
1
τ
=
Λ
ζ
, (29)
such that the base state surface tension sets the scale
of angular velocities and also the time scale over which
8radial perturbations decay. In Eq. (28) the Fo¨ppl–von
Ka´rma´n number Γ is given by
Γ :=
ΛR2
kb
, (30)
and for a sphere the surface Laplacian is defined as
∆s( · ) := R−2[( · ),θθ + cot θ( · ),θ + csc2 θ( · ),ϕϕ].
While Eqs. (25)–(28) contain more terms than their
flat counterparts (10)–(13), their fundamental structure
is similar. The continuity equation (25) connects in-
plane flows with out-of-plane shape deformations, while
Eqs. (26) and (27) relate angular velocities and their
derivatives to surface tension gradients. Interestingly,
no viscous forces appear in the shape equation of an
initially static vesicle (28), as was the case for an ini-
tially static flat patch (13)—despite the geometries be-
ing different. The first term in parenthesis in Eq. (28)
arises from the normal surface tension force 2λH, while
the second term arises from the bending-induced forces
−2kbH(H2−K)−kb∆sH. We once again see the Fo¨ppl–
von Ka´rma´n number capturing the relative importance of
bending and tension terms in governing the membrane’s
dynamical response to a perturbation. For example, in
GUVs Λ ∼ 10−4 pN/nm and R ∼ 10 µm [57], while in
small membrane vesicles surrounding retrovirus particles
R ∼ 50 nm [51]. Assuming Λ ∼ 10−3 pN/nm in the
latter, Γ ranges from 10−2 to 102, such that the dynam-
ical response of large vesicles is tension dominated while
that of small vesicles is bending dominated. However, as
discussed previously, the base state surface tension can
span a wide range of values at any radius to enforce areal
incompressibility, and Γ can span an even wider range of
values than those presented here.
B. Spherical Vesicle with a Base Flow
When a spherical lipid membrane is placed in a bulk
shear flow, the velocity gradient in the surrounding fluid
imparts a torque on the membrane and can cause it to
rotate about a fixed axis with a nonzero angular velocity
vϕ0 6= 0. In experimental systems, when the inner and
outer fluids are the same viscosity, rotating GUVs are
observed in shear flows with shear rates γ˙ up to 10−4
µs−1 [19, 21, 46, 49]. Moreover, in large blood vessels in
the human body, shear rates can be as high as γ˙ ∼ 10−3
µs−1 [47]. For a spherical lipid membrane vesicle in a
shear flow, we assume vϕ0 = γ˙ in the base state, and in
our non-dimensionalization set the scale of v˜θ and v˜ϕ as
Ω := vϕ0 = γ˙ . (31)
The base state also sets the surface tension scale Λ, which
once again satisfies Eq. (22).
Similar to the planar case, the introduction of a base
state angular velocity leads to a new scale over which in-
plane quantities vary. For an initially static sphere, note
that all quantities varied over a length scale R. Equiv-
alently, in-plane quantities were assumed to vary over
O(1) changes in the angles θ and ϕ. In the case of an
initially rotating vesicle, similar to the case of a planar
membrane with a base flow, such an assumption leads to
an unphysical result [39, Sec. III.4.b]. A non-dimensional
analysis reveals there is a new angular scale
Φ :=
ζΩ
Λ
(32)
over which v˜θ, v˜ϕ, and λ˜ vary, while r˜ continues to vary
over O(1) changes in θ and ϕ. This result, which is anal-
ogous to that of the planar system, motivates defining
the new quantities
θ′ :=
θ
Φ
and ϕ′ :=
ϕ
Φ
(33)
as the angles over which v˜θ, v˜ϕ, and λ˜ vary. We note that
in order for Φ to represent an angle, geometric constraints
require Φ ≤ 1.
The non-dimensionalization of the perturbed equations
of motion is found in the SM [39, Sec. III.4.b]. A non-
dimensional analysis of the perturbed continuity equa-
tion reveals the time scale τ is given by
τ =
ζ
Λ
, (34)
such that the continuity equation can be written as
v˜θ∗,θ′ + v˜
ϕ∗
,ϕ′ + Φ
(
cot θ∗ v˜θ∗ + 2 r˜∗,ϕ∗
)
+ 2 r˜∗,t∗ = 0 . (35)
Equation (35) connects in-plane flows to out-of-plane
shape deformations. Compared to the perturbed conti-
nuity equation of an initially static vesicle (25), Eq. (35)
contains angular derivatives with respect to θ′ and ϕ′,
and the r˜∗,ϕ∗ term arises from the nonzero base state an-
gular velocity.
Next, the in-plane equations of motion are given by
v˜θ∗,θ′θ′ + csc
2 θ∗v˜θ∗,ϕ′ϕ′ + Φ cot θ
∗(v˜θ∗,θ′ − 2 v˜ϕ∗,ϕ′)
+ Φ2 v˜θ∗
(
1− cot2 θ∗)+ λ˜∗,θ′ = 0 (36)
and
v˜ϕ∗,θ′θ′ + csc
2 θ∗ v˜ϕ∗,ϕ′ϕ′ + Φ cot θ
∗(2 csc2 θ∗ v˜θ∗,ϕ′ + 3 v˜ϕ∗,θ′ )
+ csc2 θ∗ λ˜∗,ϕ′ = 0 , (37)
which show the balance between in-plane tension gradi-
ents and in-plane viscous forces, and are again similar to
their initially static counterparts (26, 27).
Finally, the shape equation is given by
2SL
(
cos θ∗
[
csc θ∗ − sin θ∗]r˜∗,θ∗ϕ∗ − cos2 θ∗ cot2 θ∗r˜∗,ϕ∗)
+ Γ
(
2 r˜∗ + ∆∗s r˜
∗ − 2 λ˜∗
)
− 1
2
(
∆∗2s r˜
∗ + 2 ∆∗s r˜
∗
)
= 0 ,
(38)
9where the Fo¨ppl–von Ka´rma´n number is given by
Eq. (30) and the Scriven–Love number is found to be
SL =
ζΩR2
kb
. (39)
The first line in Eq. (38) consists of the out-of-plane vis-
cous forces arising from the rotational base flow, which
were not present in the perturbed shape equation of a
spherical vesicle with no base flow (28). The second
line in Eq. (38) contains the surface tension and bending
forces, which are identical to those found in an initially
static sphere (c.f. Eq. (28)).
For spherical membranes with a base flow, we find
three experimentally relevant regimes; in each case, we
provide the corresponding symbols in Table I and Fig. 2.
First, the bending dominated regime is characteristic of
small membrane vesicles, as in the case of 100 nm vesi-
cles surrounding retrovirus particles [51, ♠], for which
SL 1 and Γ 1. In this case, the shape equation (38)
simplifies to contain only the bending terms, and is given
by
∆∗2s r˜
∗ + 2 ∆∗s r˜
∗ = 0 . (40)
Next, in large GUVs at low shear rates [46, ./], [50, ♥],
we find Γ SL and Γ 1, such that the shape equation
is tension dominated and simplifies to
2 r˜∗ + ∆∗s r˜
∗ − 2 λ˜∗ = 0 . (41)
On the other hand, for white blood cells [48, ♣] or GUVs
[49, ♦] in flows with high shear rates, SL ∼ Γ  1 and
both viscous and tension forces dominate bending forces.
In this case, the shape equation is given by
2SL
(
cos θ∗
[
csc θ∗ − sin θ∗]r˜∗,θ∗ϕ∗ − cos2 θ∗ cot2 θ∗r˜∗,ϕ∗)
+ Γ
(
2 r˜∗ + ∆∗s r˜
∗ − 2λ˜∗) = 0 . (42)
We refer to systems for which Eq. (42) governs the per-
turbed out-of-plane dynamics as the viscosity and tension
dominated regime. In such systems, the dynamical re-
sponse of an initially spherical, rotating lipid membrane
vesicle can be significantly affected by the viscous forces
arising from the intramembrane fluidity. In particular,
out-of-plane viscous forces could lead to non-trivial cor-
rections in many of the theoretical and numerical studies
of membrane-bound vesicles immersed in shearing bulk
fluids [22–31]. We reiterate that our analysis does not in-
clude effects from the bulk fluid besides the base jump in
normal stress, and a comprehensive study involving both
the bulk fluid and full membrane equations is necessary
to understand vesicle behavior in such situations.
V. CYLINDRICAL MEMBRANE TUBES
We lastly consider lipid membrane tubes, which play
an important role in many cellular processes, such as
material transport between the Golgi complex and the
endoplasmic reticulum [62] and intracellular communica-
tion [64]. Tubes are also useful for probing lipid mem-
brane properties, as they can be generated in various
ways, including with optical tweezers [65, 66] and molec-
ular motors traveling along microtubules [67]. Moreover,
tube pulling is often used to measure the membrane ten-
sion and bending rigidity [52, 68, 69].
As in the previous two sections, we consider lipid mem-
brane tubes which either (i) are static or (ii) have a base
flow prior to being perturbed. Compared to the planar
and spherical cases, the cylindrical geometry and its cor-
responding equations present a new complexity in that
the base surface tension scale can be set by either bending
forces or the jump in the normal stress across the mem-
brane surface. Moreover, a tube can have an axial length
scale which is much longer than the tube radius, such
that quantities can vary over different distances in the
axial and angular directions. The governing equations
contain significant differences in the aforementioned sce-
narios, and are presented systematically in the following
sections.
The position of an unperturbed cylindrical membrane
tube of radius R is given by
x(0)(θ, z) = R er(θ) + z ez , (43)
as shown in Fig. 5(a). We denote the unperturbed angu-
lar velocity, axial velocity, normal velocity, and surface
tension as vθ(0), v
z
(0), v(0), and λ(0), respectively, where
vθ(0) has units of radians per time while v
z
(0) and v(0) have
units of length per time. As the shape is fixed, the normal
velocity v(0) = 0.
The perturbed membrane position is written as
x(θ, z, t) =
[
R +  r˜(θ, z, t)
]
er(θ) + z ez , (44)
where the small parameter  := δR/R  1 as in the
spherical case (see Fig. 5(b)). The fundamental mem-
z
R
θ
(a) unperturbed: x(0)(θ, z)
δR
(b) perturbed: x(θ, z, t)
FIG. 5. Schematic of unperturbed (a) and perturbed (b)
cylindrical geometries. The cylinder has radius R and is char-
acterized by the angle θ and axial distance z. Membrane per-
turbations are of characteristic size δR, with  := δR/R 1.
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brane unknowns are expanded to first order as
vθ = vθ(0) +  v˜
θ , vz = vz(0) +  v˜
z ,
v =  r˜,t , and λ = λ(0) +  λ˜ .
(45)
As in the planar and spherical cases, quantities with a
‘tilde’ are assumed to be the same order as their unper-
turbed counterparts.
Before proceeding, we would like to comment on the
measurement of membrane tension via tether pulling ex-
periments. In all cases we consider, the unperturbed
shape equation simplifies to
λ(0) = λ0 := pR +
kb
4R2
, (46)
where p is the known jump in normal stress across the
membrane surface. Equation (46) is an extension of the
cylindrical Young–Laplace equation, λ0 = pR, with the
addition of nonlinear bending forces which favor a flat
membrane. For a membrane tube with no jump in the
normal stress (p = 0), the unperturbed shape equation
(46) implies λ0 = kb/(4R
2) and a force balance shows
the pulling force required to hold a static tube is equal
to fpull = 2piR(kb/(4R
2) + λ0) [10, 18, 68]. The two re-
lations can be combined to show fpull = 2pi
√
kbλ0 , such
that by measuring the pulling force via optical tweezers
and the bending modulus via independent experiments,
one can determine the tension. This technique is ubiq-
uitous [65, 66, 68, 69], yet as reported in Ref. [70] it
importantly does not hold when there is a jump in the
normal stress across the membrane surface. Such a jump
could be caused by both hydrodynamic or osmotic pres-
sure differences, which are generally not measured in the
aforementioned experimental studies. As a result, with-
out prior knowledge of the pressure drop, tension values
often cannot be calculated from reported data. Given
these observations, Ref. [52] is the only study we found
with sufficient data to approximate the tension scale in
membrane tubes; our interpretation of the data is pro-
vided in the SM [39, Secs. IV.3.c, IV.4.c].
θ∗ := θ z∗ :=
z
L
r˜∗ :=
r˜
R
v˜θ∗ :=
v˜θ
Ω
v˜z∗ :=
v˜z
V
λ˜∗ :=
λ˜
Λ
t∗ :=
t
τ
∆∗s := R
2∆s
TABLE V. Dimensionless definitions for an initially cylin-
drical lipid membrane. Here, Ω is a characteristic angular
velocity scale, V is a characteristic axial velocity scale, L is a
characteristic axial length scale, and τ is a characteristic time
scale.
A. Initially Static Membrane Tube
For an initially static cylindrical membrane, vθ(0) = 0,
vz(0) = 0, v(0) = 0, and λ(0) = λ0. The base state sets the
surface tension scale Λ as (46)
Λ := λ0 = pR+
kb
4R2
, (47)
such that λ∗(0) := λ(0)/Λ = 1. When p  kb/(4R3),
Λ ≈ pR, while if p  kb/(4R3) then Λ ≈ kb/(4R2).
We refer to these two limits as the pressure and bending
limits, respectively. Note that we only consider cases
where p ≥ 0, and defer the analysis of lipid membrane
tubes under compression to a future study.
In a tubular lipid membrane, the distance over which
quantities vary in the axial direction, L, may be
much longer than the cylinder radius R. We non-
dimensionalize quantities according to the definitions in
Table V, where the angular velocity scale Ω, axial veloc-
ity scale V , and time scale τ are to be determined via
non-dimensionalization. We also define the parameter δ
to be the ratio of the tube radius to axial length scale,
written as
δ :=
R
L
. (48)
Note that δ is not the aspect ratio of the tube, as L is
not the cylinder length but rather the axial length scale
over which perturbed quantities are expected to vary. As
shown in Fig. 6, two tubes with the same aspect ratio can
have different values of δ, depending on the membrane
perturbation and the phenomena of interest. We now
consider separately the case where δ ∼ 1, which is re-
ferred to as a thick tube, and the case where δ  1, from
now on referred to as a thin tube. In both cases, viscous
forces enter the perturbed equations and the Scriven–
Love number emerges—unlike the initially static flat and
spherical geometries. This result shows the response of
an initially static membrane to perturbations is geome-
try dependent, thus revealing the important relationship
between the geometry and dynamics of lipid membranes.
L
R
(a) δ ∼ 1
L
R
(b) δ  1
FIG. 6. Schematic showing cylinders of the same aspect
ratio, with different values of δ. (a) When δ ∼ 1, out-of-
plane quantities vary over a length scale L ∼ R. (b) When
δ  1, out-of-plane quantities vary over a length scale L R.
The choice of δ depends on the membrane behavior under
consideration.
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1. Thick Membrane Tube
When δ ∼ 1, the length scales over which perturbed
quantities vary in the axial and angular directions are
comparable. In this case, given the definitions in Table V,
the dimensionless perturbed governing equations for a
thick, initially static membrane tube are given by (see
SM [39, Sec. IV.3.a])
v˜θ∗,θ∗ + v˜
z∗
,z∗ + r˜
∗
,t∗ = 0 , (49)
r˜∗,t∗θ∗ + v˜
θ∗
,θ∗θ∗ + v˜
θ∗
,z∗z∗ + λ˜
∗
,θ∗ = 0 , (50)
−r˜∗,t∗z∗ + v˜z∗,θ∗θ∗ + v˜z∗,z∗z∗ + λ˜∗,z∗ = 0 , (51)
and
2SL v˜z∗,z∗ + Γ
(
r˜∗ + ∆∗s r˜
∗ − λ˜∗)
− 1
4
(
3 r˜∗ + 4 r˜∗,θ∗θ∗ + ∆
∗
s r˜
∗ + 2 ∆∗2s r˜
∗) = 0 . (52)
In Eq. (52), the Scriven–Love and Fo¨ppl–von Ka´rma´n
numbers are given by
SL =
ζV R
kb
and Γ =
ΛR2
kb
, (53)
and for scalar quantities the surface Laplacian is given
by ∆s ( · ) = R−2 ( · ),θθ + ( · ),zz.
Non-dimensionalization of the perturbed governing
equations reveals the time and velocity scales are given
by
τ =
ζ
Λ
, Ω =
Λ
ζ
, and V =
RΛ
ζ
. (54)
Accordingly, the base state surface tension sets the time
scale as well as the scale of in-plane axial and angular
velocities. For lipid membrane tubes with a given ge-
ometry, those with larger jumps in the normal stress p in
the base state have a larger base state tension, faster per-
turbed in-plane flows, and more rapid out-of-plane shape
rearrangements as well. Substituting the form of V (54)3
into the Scriven–Love number (53)1, we find SL = Γ.
When p kb/(4R3), the unperturbed shape equation
indicates Λ ≈ kb/(4R2). Consequently, SL = Γ = 1/4
such that surface tension, bending, and viscous forces
are all balanced in the perturbed shape equation (52),
which simplifies to
2 v˜z∗,z∗ + r˜
∗ + ∆∗s r˜
∗ − λ˜∗
− (3 r˜∗ + 4 r˜∗,θ∗θ∗ + ∆∗s r˜∗ + 2 ∆∗2s r˜∗) = 0 . (55)
Experimentally, we find several scenarios in this regime
[52, ¶, ~].
When p  kb/(4R3), on the other hand, Eq. (47)
shows the surface tension scales as Λ ≈ pR kb/(4R2),
such that SL = Γ  1. The viscous and tension terms
then dominate the bending forces in Eq. (52), for which
the second line is negligible and the shape equation sim-
plifies to
2 v˜z∗,z∗ + r˜
∗ + ∆∗s r˜
∗ − λ˜∗ = 0 . (56)
Experimentally, we found one study in this regime, where
SL = Γ ∼ 7 [52, z] and bending forces are small relative
to tension and viscous forces (see Sec. IV.3.c of the SM
[39] for experimental details). In such situations, the
equations governing the dynamics of a membrane tube
(49–51, 56) are identical to those describing a cylindrical,
two-dimensional viscous fluid film—for example, a soap
bubble [71, Appendix A.3]. Such films, with no bending
modulus, are known to undergo a pearling-like instabil-
ity mediated by in-plane flows when their length exceeds
their circumference [71]. Therefore, Eqs. (49–51, 56) in-
dicate lipid membrane tubes with a large stress jump
across their surface, for which Γ  1 (see Eq. (47)), are
unstable. This conclusion is supported by another study,
which found lipid membrane tubes undergo a pearling
instability when Γ ≥ 3/4 [55, 72].
2. Thin Membrane Tube
When the length scale L over which axial gradients are
expected to occur is much larger than the tube radius
R, δ  1 (see Fig. 6(b)), as is the case for membrane
tubes found in the endoplasmic reticulum [2, 3]. The
dimensionless governing equations in this case are given
by
v˜θ∗,θ∗ + v˜
z∗
,z∗ + r˜
∗
,t∗ = 0 , (57)
λ˜∗,θ∗ = 0 , (58)
v˜z∗,θ∗θ∗ = 0 , (59)
and
2SL δ v˜z∗,z∗ + Γ
(
r˜∗ + r˜∗,θ∗θ∗ − λ˜∗
)
− 1
4
(
3 r˜∗ + 5 r˜∗,θ∗θ∗ + 2 r˜
∗
,θ∗θ∗θ∗θ∗
)
= 0 .
(60)
Equations (58) and (59), combined with the periodicity of
the system, imply λ˜∗ and v˜z∗ are both axisymmetric, and
can be written as λ˜∗ = λ˜∗(z∗, t∗) and v˜z∗ = v˜z∗(z∗, t∗).
The time scale τ , angular velocity scale Ω, and axial ve-
locity scale V are found to be (see SM [39, Sec. IV.3.b]
for details)
τ =
ζ
Λ
, Ω =
Λ
ζ
, and V =
LΛ
ζ
, (61)
and the Scriven–Love and Fo¨ppl–von Ka´rma´n numbers
are once again given by Eq. (53). Importantly, the axial
velocity V scales with L such that all terms balance in
the continuity equation (57). As a result, the factor of
12
SL δ in the shape equation (60) does not vanish when
δ  1, but rather satisfies SL δ = Γ, such that viscous
and tension forces in the perturbed shape equation are
of the same order.
When p  kb/(4R3) and Λ ≈ kb/(4R2) in the bend-
ing limit (c.f. Eq. (47)), SL δ = Γ = 1/4 and the shape
equation (60) simplifies to
2 v˜z∗,z∗ + r˜
∗ + r˜∗,θ∗θ∗ − λ˜∗
− (3 r˜∗ + 5 r˜∗,θ∗θ∗ + 2 r˜∗,θ∗θ∗θ∗θ∗) = 0 . (62)
In the pressure limit where p  kb/(4R3) and Λ ≈ pR
(47), SL δ = Γ 1 and the shape equation (60) simplifies
to
2 v˜z∗,z∗ + r˜
∗ + r˜∗,θ∗θ∗ − λ˜∗ = 0 . (63)
Thus, for both thick and thin initially static tubes, vis-
cous and tension forces always play an important role in
the membrane’s dynamical response to perturbations.
In comparing the thick and thin tube equations, for
the same base state surface tension, we note several im-
portant differences. First, the thin tube axial velocity
scale is larger than its thick tube counterpart by a fac-
tor of δ−1, despite the angular velocity and time scales
being identical. Second, thin tubes have axisymmetric
axial velocities and surface tensions, while thick tubes
in general do not. Despite these differences, however,
thick and thin tubes have identical continuity equations
and similar shape equations. Thus, in both cases ra-
dial shape changes lead to axial and in-plane flows, and
viscous forces enter the shape equation, leading to the
emergence of the Scriven–Love number.
B. Membrane Tube with a Base Flow
Lipid membrane tubes often have a base axial flow,
for example when tubes shoot suddenly from the endo-
plasmic reticulum into the cytoplasm of the cell [2], in
neuronal flows along the axon body [65, 69], and in tube
pulling experiments with GUVs [67] or live cells [73]. In
biological systems, velocities of up to 10 µm/sec (10−2
nm/µsec) are observed [69, 74], while velocities of ≤ 1
µm/sec (10−3 nm/µsec) are more common [52, 75]. We
assume the base state velocity is given by v(0) = v0 ez,
which sets the velocity scale V as
V = v0 . (64)
In this case, the unperturbed shape equation is given by
Eq. (46) and the surface tension scale is again defined as
in Eq. (47).
As was the case for planar and spherical lipid mem-
branes, a nontrivial non-dimensional analysis is required
to non-dimensionalize the equations governing tubular
systems. As shown in the SM [39, Sec. IV.4.b], we find
(i) out-of-plane shape perturbations vary over a length L
in the axial direction, (ii) all quantities vary over O(1)
changes in the angle θ, and (iii) the in-plane quantities
v˜z, v˜θ, and λ˜ vary over a length scale
` =
ζV
Λ
(65)
in the axial direction. Thus, O(v˜z,z) = V/`, O(v˜
z
,θ) = V ,
and O(r˜,z) = R/L. Due to there being different charac-
teristic lengths in the axial direction, we define the new
dimensionless variable
z′ :=
z
`
. (66)
With the introduction of the length sale ` (65), there
are three relevant length scales for the cylinder: `, R,
and L. The ratios of these quantities are captured by
two dimensionless parameters: the ratio δ = R/L ≤ 1
(48) and the parameter
`∗ :=
`
R
=
ζV
ΛR
. (67)
As depicted in Fig. 7, the values of the parameters δ and
`∗ lead to four regimes with different governing equa-
tions, which are considered separately in the subsequent
sections. However, before discussing each regime indi-
vidually, we first highlight their commonalities, with the
non-dimensionalization of the governing equations pre-
sented in Sec. IV.4 of the SM [39].
First, in all cases the Scriven–Love and Fo¨ppl–von
Ka´rma´n numbers are again given by Eq. (53), and now
also satisfy the relation SL/`∗ = Γ. Furthermore, in all
regimes the shape equation is given by
2SL
`∗
v˜z∗,z′ + Γ
(
r˜∗ + ∆∗s r˜
∗ − λ˜∗) (68)
− 1
4
(
3r˜∗ + 4r˜∗,θ∗θ∗ + ∆
∗
s r˜
∗ + 2 ∆∗2s r˜
∗) = 0 ,
where although SL/`∗ = Γ, we include both numbers
to delineate viscous and tension forces. As before, we
consider only cases where the jump in the normal stress
p ≥ 0, for which Γ ≥ 1/4 and SL/`∗ ≥ 1/4—indicating
viscous forces in the normal direction are always signif-
icant, irrespective of the speed of the base flow. Addi-
tionally, in the case where p  kb/(4R3) (47), the sur-
face tension scales as Λ ≈ pR  kb/(4R2), such that
SL/`∗ = Γ  1 and bending forces are negligible com-
pared to viscous forces and tension forces in the normal
direction. In the limit of a large normal stress jump in
the base state, the shape equation (68) again reduces to
that of a two-dimensional fluid film with a base flow. We
previously found such films could admit time-oscillating
solutions, unlike their initially static counterparts, and
also undergo a pearling instability [71]. The characteriza-
tion of the instabilities of lipid membrane tubes, with and
without a base flow, is the subject of a future study [76].
In each of the four regimes shown in Fig. 7 and char-
acterized by the values of δ and `∗, the shape equation
is given by Eq. (68). In what follows, we provide the
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FIG. 7. Schematic of the cylindrical regimes, which are de-
fined by δ, the ratio of the radius to the axial length scale (48),
and the parameter `∗ (67), which captures the dimensionless
base flow velocity. Note the logarithmic scale on both axes.
Regimes I and II correspond to small (`∗  1) and moderate
(`∗ ∼ 1) velocities, respectively. For large velocities (`∗  1),
the governing equations differ for thin tubes (δ  1, Regime
III) and thick tubes (δ ∼ 1, Regime IV). The equations gov-
erning the dynamics of each regime are provided in the main
text.
continuity and in-plane equations in each case. The non-
dimensionalization of all equations is provided in the SM
[39, Sec. IV.4]. We note that for a tube of a given radius
R and normal stress jump p in the base state, the surface
tension scale is set according to Eq. (47). Consequently,
`∗ captures the ratio of the base state velocity V to the
velocity scale in the absence of a base flow, RΛ/ζ (54)3.
Regime I: `∗  1
In the first regime, the base velocity V is small relative
to the intrinsic velocity scale RΛ/ζ such that `∗  1, as
is the case in the tube pulling experiments of Ref. [52,] where `∗ ∼ 2 · 10−3. In this case, the dimensionless
perturbed continuity, in-plane θ, and in-plane z equations
simplify to
v˜θ∗,θ∗ + v˜
z∗
,z′ + r˜
∗
,t∗ = 0 , (69)
v˜θ∗,z′z′ = 0 , (70)
and
v˜z∗,z′z′ + λ˜
∗
,z′ = 0 . (71)
The angular velocities are at most linear in z′ (70) and
axial surface tension changes are balanced by two axial
derivatives of the z-velocity (71). The angular velocity
scale and time scale are respectively given by
Ω =
Λ
ζ
and τ =
ζ
Λ
, (72)
as is the case for Regimes II and III as well.
Regime II: `∗ ∼ 1
When the base velocity scale V is comparable to the
intrinsic velocity scale RΛ/ζ, the length scale ` is com-
parable to the radius R. In this case, the continuity,
in-plane θ, and in-plane z equations are given by
v˜θ∗,θ∗ + v˜
z∗
,z′ + δ r˜
∗
,z∗ + r˜
∗
,t∗ = 0 , (73)
r˜∗,t∗θ∗ + v˜
θ∗
,θ∗θ∗ + v˜
θ∗
,z′z′ + δ r˜
∗
,θ∗z∗ + λ˜
∗
,θ∗ = 0 , (74)
and
−δ r˜∗,t∗z∗ + v˜z∗,θ∗θ∗ + v˜z∗,z′z′ − δ2 r˜∗,z∗z∗ + λ˜,z′ = 0 , (75)
where for long, thin tubes (δ  1) all terms containing
factors of δ are negligible.
Regime III: 1 `∗  δ−1
For thin tubes with high base flow velocities, the per-
turbed governing equations are given by
v˜θ∗,θ∗ + v˜
z∗
,z′ + r˜
∗
,t∗ = 0 , (76)
λ˜∗,θ∗ = 0 , (77)
and
v˜z∗,θ∗θ∗ = 0 . (78)
Similar to the initially static thin tube discussed in Sec.
V A 2, in this regime both v˜z∗ and λ˜∗ are axisymmetric
(see SM [39, Sec. IV.4.d]). Comparing Eqs. (76)–(78) to
Eqs. (57)–(59) in the aforementioned section, the only
difference is the v˜z∗,z′ term in Eq. (76) replaces v˜
z∗
,z∗ in
Eq. (57).
Regime IV: 1 ≤ δ−1  `∗
For thicker tubes at high velocities, the length scale
` (65) can become longer than the axial length scale L.
This is the only regime in which ` > L, and the charac-
teristic angular velocity and time scales must be rescaled:
they are found to be (see Sec. IV.4.c of the SM [39])
Ω =
V
L
and τ =
L
V
. (79)
The dimensionless perturbed continuity, in-plane θ, and
in-plane z equations are given by
v˜θ∗,θ∗ + r˜
∗
,z∗ + r˜
∗
,t∗ = 0 , (80)
−v˜z∗,z′θ∗ + λ˜∗,θ∗ = 0 , (81)
and
−δ2 r˜∗,t∗z∗ + v˜z∗,θ∗θ∗ − δ2 r˜∗,z∗z∗ = 0 . (82)
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When δ  1, Eq. (82) simplifies to v˜z∗,θ∗θ∗ = 0, again
implying v˜z∗ = v˜z∗(z′, t∗) and λ˜∗ = λ˜∗(z′, t∗).
With the presentation of the governing equations in
each of the four regimes, we close our discussion of lipid
membrane tubes, with and without a base flow. We
highlight that in all cases considered, the Scriven–Love
and Fo¨ppl–von Ka´rma´n numbers are given by Eq. (53).
Moreover, in every situation, viscous and tension forces
are found to be significant in describing the dynamics of
a perturbed lipid membrane tube, as also shown in Table
I and Fig. 2.
VI. CONCLUSION
In this paper, we determined and non-dimensionalized
the linearized equations of lipid membranes perturbed
about three commonly occurring geometries: flat
patches, spherical vesicles, and cylindrical tubes. We
found a new dimensionless number, the Scriven–Love
number SL, which compares out-of-plane forces arising
from the in-plane intramembrane viscosity to the well-
known out-of-plane bending forces. For each of the three
geometries, we also analyzed relevant experiments involv-
ing lipid and biological membranes.
Though to our knowledge SL  1 in all experiments
involving flat membranes, we found biologically relevant
situations in which SL ∼ 1, and even SL  1, in per-
turbed spheres and cylinders. In this manner, we demon-
strated that the in-plane lipid membrane fluidity can-
not be ignored when understanding lipid membrane dy-
namics in general geometric configurations. Our calcu-
lation of the Scriven–Love number in a variety of ex-
perimental studies (Table I, Fig. 2) shows the in-plane
intramembrane fluidity is significant in many biological
settings, and emphasizes the importance of measuring
characteristic velocities and surface tensions in experi-
mental systems—which are currently often not reported.
Moreover, we found that different terms arose in the
equations of motion of different geometries. For exam-
ple, perturbed, initially static lipid membrane tubes are
acted upon by out-of-plane viscous forces, while the cor-
responding flat patches and spherical vesicles are not.
Accordingly, geometry plays an important role in under-
standing the dynamics of lipid membranes.
Throughout this work, we assumed a constant positive
jump in the normal stress p acting on the membrane in
its base configuration. In biological systems, however,
lipid membranes are surrounded by fluid on both sides
and feel body forces due to the bulk fluid stresses act-
ing on the membrane surface. Thus, as the membrane
deforms and displaces the surrounding fluid, the bulk
fluid stress will have first-order corrections which then
enter the perturbed membrane equations of motion in
both the in-plane and out-of-plane directions. Including
higher-order effects from the bulk fluid would be a natu-
ral extension of our work.
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